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ABSTRACT. The ACI Code torsion equations for concrete beams of solid
cross-section have been modified to predict the torsional strength of rectan-
gular beams with a transverse opening. The equations have also been
adapted to include the effect of torsion-bending interaction at low T/M
ratios. A comparison with available test results of fifty-one beams subjected
to different combinations of torsion, bending and shear shows excellent ag-
reement between the predicted values and the experimental results at all
ranges of T/M ratios. Results of torsion tests on twenty-three plain concrete
and partially reinforced concrete beams with a rectangular opening are also
presented.

Introduction

Beams in multistoried buildings are often provided with transverse openings in the
webs. Such openings may significantly reduce their torsional strength. The ACI
Codel'l equations which are based on Hsu’si?l research on reinforced concrete beams
of solid section, do not have any provisions for designing such beams. Some research
workers>7) have investigated torsional strength of beams with a transverse opening
of different profiles. But the equations developed by them are rather complex. It
may, however, be possible to modify the existing ACI Code equations suitably to
predict the torsional strength of a rectangular beam section with a transverse open-

ing.

The ACI Code Equations and Proposed Modifications

According to the ACI Codel!l, the nominal torsional strength T, of a reinforced
concrete beam of solid cross-section is obtained as

r,=T1T.+1, (1

n
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where T is the nominal torsional strength provided by concrete and T is the nominal
torsional strength provided by torsional reinforcement. Similarly, the nominal tor-
sional strength of a beam containing an opening T,,, can also be written as

Tnh = Tch + Tsh (2)

where T, and T, are the nominal torsional strengths provided by concrete section
containing the opening and by the torsional reinforcement in the hole section, re-
spectively.

a. Rectangular Beams Subjected to Torsion Only
i. Solid beams

For a beam of solid cross-section, the ACI Code equations for T, and T, are

T. = 0.8 Vf. b )
and T = fﬁ' * 0 fy 4
s s

where A, is the area of one leg of a vertical stirrup, b and & are the width and depth of
the beam section, ch is the compressive strength of concrete, f, is the yield strength of
steel, s is the stirrup spacing, x, and y, are the shorter and longer center-to-center di-
mensions of the stirrups, and 4, is a coefficient as a function of x, and y,.

According to Winter and Nilson!®], T, in Eq. 3 represents 40 percent of the tor-
sional strength of a plain concrete beam T, given by

T, =2 Vf.b% (5)
Equation 5 is similar to Hsu’s’! equation for torsional strength of a plain concrete
beam, i.e.,

-~ 0.85 ,2
T, ==3"bh ()

where f, is the modulus of rupture of concrete.
Equation 4 can be written as

T, =nA axf @)

N

where n (= y,/s) represents the number of vertical legs of stirrups intersected by a 45°
plane on the tension side of the beam as shown in Fig. 1. The coefficient a, depends
on the ratio of beam cross-sectional dimensions and is taken(!] as

o, = 0.66 + 0332 < 1.50 ®)

X,
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n = No of vertical stirrup legs
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FiG. 1. Failure surface of a rectangular beam under torsion.
ii) Beams with an opening

According to Mansur and Hasnat'®], the torsional strength T, , of a plain concrete
beam with a symmetrically located circular opening is given by

d,

: 2

Tmh=°—68—5bh(secs—f)cosecef, )
where d,is the diameter of the opening. The failure plane inclination with the vertical
plane 6 can be obtained by differentiating Eq. 9 with respect to 6, and equating to
zero. This results in

3 d, 2
sec B—Zsec&-ﬁ-g—o (10)
Equation 10 shows that the failure plane inclination 6 depends on d/h. It can, how-
ever, be observed in Table 1 that for d /h up to 0.5, 8 does not vary significantly with
dy/h and for all practical purposes, it can be reasonably taken as 45°. This reduces Eq.
9to

Tk

= 085 42 (1 _ o707 %y (11)
3 RS
Table 1 further shows that for d/h < 0.5, the torsional strength of plain concrete
beams with a circular opening as given by Eq. 11 is quite close to that given by Eq. 9.
It is, thus, deemed permissible to use Eq. 11 in lieu of Eq. 9 for beams with a circular
opening for dy/h < 0.5.

Mansur and Hasnatl also suggested that for plain concrete beams with a rectangu-
lar opening with its longer side parallel to the longitudinal axis of the beam, the tor-
sional strength is given by
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d
T = B2 6% (1- ) 5, (12)

TABLE 1. Comparison between Egs. 9 and 11

. Failure Theoretical torsi

Ratio crack strength usi:;ma] Col. (4)
@ inclination ColZ A)
7 0 Eq.9 Eq. 11

(degree) (X b*hf) (X b*hf)

0.0 45.0 0.2833 0.2833 1.000
0.1 439 0.2631 0.2633 1.001
0.2 42.7 0.2425 0.2433 1.003
0.3 414 0.2213 0.2232 1.008
0.4 39.8 0.1995 0.2032 1.018
0.5 37.9 0.1170 0.1832 1.035
0.6 35.6 0.1533 0.1631 1.064

where d,) is taken to represent the opening depth and d; < b, the opening length. No
experimental evidence supporting the validity of Eq. 12 is, however, available.

Basically Eq. 11 and 12 are a modified form of Eq. 6 incorporating the factor (1 —
Ady/h) to take into account the reduction in torsional strength due to the transverse
opening where A = cos 45° for a circular opening and A = 1.0 for a rectangular open-
ing. Likewise, Eq. 5 can also be modified to obtain the torsional strength of plain
concrete beams containing an opening 7, , as

d
T = 2 Vi Bh(1-130) (13)

Assuming that the nominal torsional strength T, provided by the concrete section in

a reinforced concrete beam with an opening as 40 percent of 7, ,,

d,
T, =08 Vf, bh(1-A -hi’) (14)
Following Eq. 7, the torsional strength provided by the torsional reinforcement
around the hole section T, can be written as

Tsh = nh Ax arxlfy (15)

where n, represents the number of vertical stirrups intersected by a failure plane pas-
sing through the hole section on the tension side. For beams with a rectangular open-
ing, Hasnat and Akhtaruzzamanl®l observed that the failure plane passed through a
corner of the opening with its inclination nearly constant at around 45°. Thus, as
shown in Fig. 2a, for a rectangular opening with d, < b,
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dy. ¥
nh=(1__°)_1

v s (16)
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F1G. 2. Failure plane on the tension side of a beam with a transverse opening.

For beams with a circular opening, the failure plane may have a variable inclina-
tion depending on d/h. For practical purposes, however, the failure plane inclina-
tion may be taken to be 45° as in the case of plain concrete beams. Then, with the fai-
lure plane assumed to pass through the centre of the opening, as shown in Fig. 2b,

d,
nh=(l—)7°cos45°)z;l 17

1

Substituting the values from Eq. 14 and 15, Eq. 2 can be written as
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d
T, = 08 VfI bh(1-2 h—O)

d
tAaxf, (1-1 20 (18)
Yy S

where A = cos 45° for a circular opening and A = 1.0 for a rectangular opening.

As a special case, beams with reinforced throat section, i.e., the section above and
below the opening, may aJso be considered. Experimental results®l show that for
beams with horizontal and vertical steel only around a smalil circular opening, the fai-
lure plane can have an inclination steeper than 45° and it can pass through an unrein-
forced throat section as shown in Fig. 3. For such beams, the term n, in Eq. 15 should
be taken as the minimum number of vertical stirrups such a crack will pass through on
one side only of the opening, both circular and rectangular (with d, < b;).

Probable failure ptane
with inclination > 45°
(misses bars b-b)

a / b
c / c
< <
d / d
//a b
7
/
a-a, b-b - closed vertical stirrups
¢-¢, d-d = horizontal bars

FiG. 3. Failure plane avoiding steel reinforcement.

Beams containing inclined bars only around a circular opening as shown in Fig. 4
may also be considered as another special case. Since the inclined bars extend inside
the throat section, the number of such bars intersected by any failure plane passing
through the opening will not be less than n, the number intersected by a plane
through a diameter. Thus, T,,, the torsional strength due to the inclined bars only
may be obtained as

Ty = ngAuf,x a,(sin@ + cos ) (19)
where A, is the area of an inclined bar around the opening, ¢’ represents the inclina-

tion of the bars and the term (sin ' + cos 8’ ) has the same connotation as in the cise
of shear strength due to inclined stirrups.
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Probable failure plane
through a diameter \y

7/ Inclined bars around
the opening

FIG . 4. Failure plane passing through a diameter with inclined bars around the opening.

b. Rectangular Beams Subjected to Torsion and Bending

The ACI code does not have any special provision for simultaneous action of tor-
sion and bending. It assumes that there is no interaction between them. Test re-
sults!*3-19 on beams of solid cross-section as well as containing an opening, however,
show that the torsional strength is adversely affected in the low range of 7/M ratios,
especially when beams suffer Mode 1 failure according to the so-called skew bending
modell!ll. Thus, the torsional strength as given by the ACI code needs to be modified
for low T/M ratios. This can be done on the basis of experimental results.

¢. Rectangular Beams Subjected to Torsion, Bending and Shear
i. Solid beams

For rectangular beams of solid cross-section, the ACI code!!! gives T, as

. 0.8 V. b%h
T = (20)

c 04 V. ]2
1 + ] =—=
/ [ Ct Tu }

where T, and V are the factored torsional moment and shear force at the section re-
spectively, and C, is a factor relating shear and torsional stress properties.

Since stirrups are used to resist both flexural shear force and torsional moment, the
torsional strength provided by stirrups T’ , can be obtained by using the principle of
superposition. According to the ACI codel!], the nominal shear strength V, , of a
reinforced concrete beam is given by

Va=VtV, @

where V_and V are the shear resistance contributed by concrete and web reinforce-
ments, respectively. The former is given as
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2 Vf bd
Vv, = : (22)

c T 2
\/1+[2.5C,7“]

Assuming that V alone causes the stirrups to be stressed to f, ,

A d
vV = vfsv
$ N

=V, -V, (23)

where A is the area of both legs of a stirrup and d is the effective depth of the sec-
tion. Hence,

Wv,-V)s

f:w = Av d (24)

The torsional strength provided by the stirrups can then be obtained as
_Aoxy
Ts - s (fy - fsv) (25 )
Substituting the values from Eq. 20 and 25, Eq. 1 can be written as
T - 0.8 Vf. b’h

1+ [04 YL
C T,

4 A oxy

(fy, = f) (26)

ii. Beams with an opening
It may be reasonably assumed that Eq. 20 can be modified by introducing the fac-

tor (1 - Ady/h) to obtain T, as
0.8 Vf. b

0.4 V.,
+ —_— —
Jirl%z]

As in the case of beams of solid section, the torsional strength provided by the stir-
rups can be computed by using superposition. The nominal shear strength V,, , can
be obtained as

dO
T, = (1-1 ) @7)

Vnh = Vch + Vsh (28)

where V, and V, are the shear resistance contributed by concrete and web rein-
forcements, respectively, at the opening section.

Equation 22 may be modified by introducing the factor (1 - dy/d) to give V,, as
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\/_!
v, =t by, (29)

ch
T, 7? d
\/1 + [2.5 C,VM]

The term (1 - d,/d) is introduced to take into account the loss of shear resistance due
to the transverse opening.

The shear resistance due to web reinforcements may be computed as

= va:svhd
—om S (-2 (30)

Vsh 5

where f,,, represents the stress induced in the web reinforcements (long stirrups) due
to shear force alone and the term (1 - d/d) has the same connotation as before.

Thus, from Eq. 28, 29 and 30,

fsvh = (Vnh - Vch) —sﬁo_ (31)
Ad(1-2)

The torsional resistance T, provided by the stirrups at the opening section can be
reasonably taken as

A o xy d
T, =;£§_1_1 (fy_f:yvh)(l_/\ y_(l)) (32)

The term (1 — A dy/y, ) has the same connotation as in Eq. 18.

Substituting the values from Eqgs. 27 and 32, Eq. 2 can be written as

0.8 Vf. b d,
T, = (1-12—)
nh v 2
\/H[u_u] h
C T,
A o xy d
+ S (= fun) (12 50) (33)
1

The equations presented are applicable to beams with a circular or a rectangular
opening with d; < b,. For beams having a rectangular opening with d, > b, the equ-
ations may also be applied by replacing d,, by b,,.

Experimental Program

As no experimental evidence was available supporting the validity of Mansur and
Hasnat’s equationl®! for beams with a rectangular opening, an experimental program
was planned primarily to verify Eq. 12. Twenty-three concrete beams of 9ft 2in.
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(2.79m) length and 5 X 10in. 127 X 254mm) and 5 X 12in. (127 X 305mm) cross sec-
tion, and grouped in two series were tested in the experimental program. Series A
consisted of seventeen plain concrete beams with a 7in. (178mm) wide symmetrical
rectangular opening at midspan. The depth of the opening d, was varied from 2in.
(51mm) to 6in. (152mm). Series B comprised six beams with a 7 X 4in. (178 X
102mm) or a 7 X 5in. (178 X 127mm) rectangular opening with horizontal and verti-
cal steel around it. The beams also had top and bottom longitudinal reinforcements.
Details of the beams are shown in Fig. 5.

Series A Beams

-g T variable opening
T v gh depth (2, 34,5 o
+—7in.— 6in)

h=100r12 in. J-an'—j‘

1, . 3
Series B Beams 7 dia. = in. dia.
——————— 8
L -
| N
= < " ! —in. dia.
| 7
=

!

L 36n.

FiG. 5. Details of beams (lin. = 25.4mm).

The plain mild steel bars used were 5/8in. (16mm), 3/8in. (10mm) and 1/4in.
(6.4mm) in diameter having average yield strengths of 40.1 ksi (277 MPa), 47.7 ksi
(329.1 MPa) and 53.8 ksi (371.2 MPa), respectively. Two different grades of con-
crete having nominal 28-day cylinder compressive strengths of 3 ksi (20.7 MPa) and
4.5ksi (31.1 MPa) were used. The concrete mixes were designed using 3/8in. (10mm)
graded crushed rock and desert sand with a fineness modulus of 2.45.

The beams were tested in torsion only over an effective span of 8ft (2.44m). Special
bearings were used under the supports to render the test specimen free to twist at one
end, while the other end was held fixed against any torsional rotation. Torsional mo-
ment was applied in small increments by placing weights on hangers suspended from
a centilever torsion arm attached to the twisting end of the test beam at the support.
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Discussion of Test Results
i. Series A

Figure 6 shows a typical failure pattern of plain concrete beams with a rectangular
opening. The failure plane passed through two diagonally opposite corners of the
opening, rather than forming a 45° continuous surface originating at one corner as
suggested by Mansur and Hasnatl?l.

FIG. 6. Failure pattern of a plain concrete beam with a rectangular opening (Series A).

The test results are presented in Table 2. The experimental torsional moments are
much smaller than the theoretical values obtained by using Eq. 13. The variation be-
tween the theoretical values and the experimental results depends on the d /A ratio.
When the d/h ratio was varied from 0.20 to 0.50, the ratio T, /T,,, ranged from
about 0.73 to 0.50. This variation was due to high stress concentration at the corners
of the opening where the initial inclined cracks originated. Equation 13, thus, over-
estimates the torsional strength of plain concrete beams with a rectangular opening

and is modified by introducing a strength reduction factor ¢ as

d,
Ton = 2 VL b (11 3)) (34)

reinforced, the throat section needed further strengthening. This can be achieved by
using short stirrups as done by Mansur and Hasnat(l.
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The factor ¢ represents the T, /T,,,, ratios in Table 2 and varies with d/h as shown

in Fig. 7. In the figure a lower bound approach has been used to indicate the relation-

ship between ¢ and d/h.
TABLE 2. Results of Series A beams.
. Overall Cylinder Experimental | Theoretical
Opening beam . . . . .
Ratio | compressive torsional torsional Ratio
depth | cross- | 7, h wength | T
Beam 4 section dy strer}gt moment streng T,
. 0 bXxh h f c Tcxp Tlheo T,hm
(in.) , (psi) (in.—kip) (in.—kip)
(in.)
A-1 2 5x10 0.20 3350 16.8 23.2 0.72
A2 2 5x10 0.20 3580 17.4 239 0.73
A-3 3 5x10 0.30 3580 14.4 20.9 0.69
A-4 3 5x10 0.30 3430 13.7 20.5 0.67
A-5 4 5x10 0.40 3430 10.5 17.6 0.60
A-6 4 5x10 0.40 3710 11.4 18.3 0.62
A7 4 5x10 0.40 3710 11.4 18.3 0.62
A-8 5 5% 10 0.50 3650 7.6 15.1 0.50
A9 5 5x10 0.50 3650 7.9 15.1 0.52
A-10 3 5x12 0.25 4620 22,0 30.6 0.72
A-11 3 5x12 0.25 4620 214 30.6 0.70
A-12 4 5x12 0.33 4580 18.2 272 0.67
A-13 4 5x12 0.33 4580 19.1 27.2 0.70
A-14 5 5x12 0.42 4710 13.9 239 0.58
A-15 5 5x12 0.42 4710 14.1 . 23.9 0.59
A-16 6 5x12 0.50 4400 10.3 19.9 0.52
A-17 6 5x12 0.50 4400 10.9 19.9 0.55
lin. = 254mm.
1 psi = 0.0069 MPa.

1 in.~kip. = 0.113 kN-m.

0'8 T 1] 1 T
0.7+ ° .
Lower bound
A~}
o
5 %f $--_05 .
o - 0.2
8 [a/h ]
o5k for 02 £ d/h €05 |
04 " il L L
02 03 04 05
Ratio do/h

FiG. 7. Effect of d/h on strength reduction factor.
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Since the torsional T, provided by concrete section with a rectangular opening is
assumed as 40 percent of T, Eq. 14 is also modified as

=¢ 08 VF. bh(1- (35)

A 3)

pch

Thus, Eq. 18 and 33 should be expressed as

= ¢ 0.8 VF, b (1 - ‘2"

A d

+—-—2‘°"x‘y‘f (1-A 2 (36)
N ’ yl

and

Na
¢ 0.8 Vf b (1_)\@)

Tnh= L4 O4V 2 h
| &7

A oley1

d
(f, - fm)(l—Ay—‘:) (37)

It may be noted that Eq. 36 is for torsion and bending only and can be readily ob-
tained from Eq. 37 by putting V, = 0 and f, ,, = 0. The value of ¢ for a rectangular
opening can be obtained from Fig. 7. The value of ¢ for a circular opening is estab-
lished later.

ii. Series B

In Series B beams, initial inclined cracks started at the two opposite corners of the
opening. Their progress, however, was inhibited by the reinforcements provided
around the opening. At a higher torsional moment, further inclined cracks passing
through a lower corner, suddenly appeared in the upper unreinforced throat section
leading to failure. The failure was accompanied by spalling of concrete from the
upper throat section on the tension face where the later inclined cracks appeared
(Fig. 8). The failure pattern indicates that aithough the corners had been adequately
reinforced, the throat section itself needed further strengthening. This can be
achieved by using short stirrups as done by Mansur and Hasnat/?],

The general failure pattern is similar to that reported by Mansur and Hasnatl®! for
their beams with reinforced throat section. However, they did not report any spalling
of concrete.

The sudden appearance of inclined crack in the unreinforced throat section and its
passing through a lower corner of the opening suggests that the value of n, in Eq. 15
should be taken as discussed earlier.

Table 3 shows that the theoretical torsional moment capacities of the beams of
Series B computed on the basis of Eq. 35 and 15 with ¢ = 0.6 and 0.5 for d/h = 0.4
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and 0.5, respectively, and n, = 1.0.e., the number of vertical stirrups on one side of

the opening, are in very good agreement with the experimental results.

FiG. 8. Failure pattern of Series B beams.

TABLE 3. Results of Series B beams

Beam Rati Cylinder Experimental | Theoretical :
atio : : 3 Ratio
Cross- d compressive torsional torsional T
Beam section f strength moment strength T"F
(in.) f Tup T theo
(psi) (in.-kip) (in.—kip)
B-1 5x10 0.4 3430 19.2 19.0 1.01
B-2 5x10 0.4 3710 19.8 19.2 1.03
B-3 5x10 0.4 3580 19.6 19.1 1.03
B-4 6x10 0.5 4620 21.8 21.4 1.02
B-5 6x10 0.5 4580 223 21.4 1.04
B-6 6x10 0.5 4400 21.7 213 1.02
1 psi = 0.0069 MPa Mean 1.025

lin.—kip = 0.113 kN-m

Standard deviation

0.0105
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Comparison with Other Researchers’ Data

The equations presented here can be verified against other available experimental
data on beams containing a transverse opening. Table 4 compares the results ob-
tained by Mansur and Hasnatl of plain concrete beams with a transverse circular
opening with the theoretical torsional strengths obtained by Eq. 13. The table indi-
cates that the torsional strength is slightly overestimated by the equation and a
strength reduction factor ¢ similar to that used for the beams with a rectangular
opening is needed. However, unlike for the beams with a rectangular opening, the
T,/ Ty, ratios for the beams wit 1a circular opening are, as shown in Table 4, inde-
pendent of dy/h ratio. The table also shows that a value of ¢ = 0.9 gives good corre-
lation between the theoretical values and the test results with a mean of 1.04 and a
standard deviation of 0.070. Thus, Eq. 34with A = cos 45° and ¢ = 0.90 can be used

for beams with a circular opening.

TABLE 4. Comparison with Mansur and Hasnat’si®l data on plain concrete beams with a circular opening.

Opening | Ratio Cylinder | Experimental | Theoretical | p i | Ratio | Ratio
diameter | 4. | compressive torsional torsional T T T
Beam -2 ]. strength moment strength exp P exp
d, h £ T T Tho | 09T, | Thoo
(in.) d e o
(psi) (in.-kip) (in.—kip)

3PA-1 3 0.3 6000 18.5 19.53 0.95 1.06 1.07

3PA-2 3 0.3 5860 17.5 19.30 0.91 1.01 1.02

3PA-3 3 0.3 7050 20.0 21.17 0.94 1.04 1.06

2PB-1 2 0.2 4560 18.0 18.55 0.97 1.07 1.09

2PB-2 2 0.2 4870 17.5 19.17 0.91 1.01 1.02

3PB-1 3 0.3 4620 16.0 17.14 0.93 1.03 1.05

3PB-2 3 0.3 4980 16.5 17.79 0.93 1.03 1.05

4PB-1 4 0.4 4560 13.5 15.50 0.87 0.97 0.99

4PB-2 4 04 4740 15.0 15.80 0.95 1.06 1.09

SPB-1 5 0.5 4980 14.0 14.60 0.96 1.07 1.12

5PB-2 5 0.5 4870 13.0 14.44 0.90 1.00 1.05

3PC-1 3 0.3 3630 14.0 15.19 0.92 1.02 1.04

3PC-2 3 03 3700 15.0 15.34 0.98 1.09 1.10
T, = Researchers’®ltheoretical strength Mean = 1.04 1.06
lin. = 25.4mm Standard deviation = 0.070  0.036

1 psi = 0.0069 MPa

1in—kip = 0.113kN-m

Some available test resultst®>7) on reinforced concrete beams with a transverse
opening are compared, in Table 5, with their theoretical torsional strengths. All the
beams listed were tested under torsion only. The torsional strength contribution due
to concrete alone was computed by Eq. 35 and that due to steel by Eq. 15. For Beam
3RA-181 which had vertical stirrups adjacent to the opening only, the value of n, in
Eq. 15 was taken as 1.0 as discussed earlier under special case.
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Beam RB-1P] with a large rectangular opening had two different sizes of stirrups.
The torsional strength contributed by the 10mm diameter stirrups adjacent to the
large opening was computed separately, also by taking n, = 1.

The torsional strength contribution due to the inclined bars around the circular
opening in Beams CA-1, CA-2, CA-3 and CB-1* was computed by using Eq. 19 with
values of x, and «, for the inclined bars.

Table 5 shows that excellent agreement exists between the computed values and

the experimental data for the beams with amean T, /T,,,, 0f 1.03 and a standard de-
viation of 0.114 confirming the validity of the relevant equations.

TaBLE 5. Comparison with other researchers’57] data of torsion tests on beams with a
transverse opening.

Cylinder Modulus | Experimental Rescarchers' Theoretical s
Ratio compressive of torsional Observed tl:cofctlcel)l Ratio torsional Ratio :cng'lh
Fm{m Beam Openingsize 5 strength Tupture moment failure ::2':‘:: T strength T, re{ u:"""
) il , = L2 actor
r A A IR N B ol A I
{psi) (pst) {in -kip) (@n I:PI {in.-kip}
3] | 3RAA Sin. dia 0.30 050 485 20 2 - - 348 0.94 0.9
71 | Al-la Tx 4. 0.40 3680 - 4“2 2 2.6 0.84 4134 1.07 0.60
Al-1b 7x 4. 0.40 13X - 9 2 526 0.85 4112 1LY 0.60
A2) 7 x4, 0.40 3380 - 528 2 62.2 0.85 4115 1.8 0.60
fs| RB-| MSx7hn | 045 S10 - 146.3 2 115.0 1.27 14291 L0 0.5¢
4} | CA-l 4.13in. dia 0.30 320 - 165.7 2 I5L.S 1.09 166.59 0.%9 090
CA2 5.5lin. dia 0.40 3900 - 156.2 2 139.6 1.12 153 41 102 0.90
CA3 6.8%n dia 0.50 4610 - 3Ll 2 285 1.02 143.10 0.92 0.90
CB-| 7.09n. dia 0.45 490 - 415 23 2300 1.08 265.30 091 0.90
*Failed «n the unreinforced throat section Mean = 1.03
**For Mode 3 failure Standard deviation = 0,114

lin. = 25.4mm
1 pst = 0.0069 MPa

Table 6 compares three sets of available datal57l from torsion and bending tests
on rectangular beams containing a transverse opening. The contribution due to the
inclined bars around the opening of the beams of Series CBl*l was obtained by using
Eq. 19. The computed torsional strengths have good agreement with the experimen-
tal results except for those beams tested at low 7/M ratios. Excluding these results,
the ratio T, /T,,,, has a mean value of 1.11 and a standard deviation of 0.161.

The large variation between the computed values and the experimental results for
beams tested at low 7/M ratios shows that the equations need some modifications for
use at low T/M ratios. This is because the ACI code equations themselves are not
suitable for use at low 7/M ratios. The 7,, /T, ratios have been plotted against the
low T/M ratios in Fig. 9. It shows that a parabolic relationship exists between the var-
iables, depending on d,/ h and the shape of the opening. At low ranges of 7/M ratios,
with /M ratio at T, /T,,,, = 1.0 as the limit, the relationship can be expressed as

7= (L ¥) (38)
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TABLE 6. Comparison with other researchers'l*57l data of torsion and bending tests on beams with a
transverse opening.

Cytinder | Expenmental | Experimental nmm'l‘ Sictal Thearencal lm[::l
F Ratio | compressive torsional bending Ratio | Observed : "":’: Ratio mlrﬂgm torsonal | Ratio el Ratio
Tom - 7 torsion,
ol Beam | Openingsize d, strength moment moment T__M Failute rengih L! s strength il’_'v swingh I_rv
] f foup M, My mode T T 8 Tow Tare T
: i . o
{p=) (on -kap) {mn.-kip) (in-kap) {in.~kip) {1n-kip)
m | Akl Txdmn. .4 30 516 51 0 1 518 0.5 0.60 ixw LB 4.8 L5
Al-} L2 ] ki) 45 1 061 1 516 050 .60 4112 (A1) 4112 L1k
Al 040 3600 LB 1526 0.3 I 09 0.7 0.60 4.5 L 4.8 119
AlS o L 1] LA 0.7 020 I s 1.3 0.60 4.m L2 LI L12
Ald 0.4 b)) %1 2668 010 I 00 1.2 .60 4.m 0.65* nn 098
ALl {1 L] 45 L 0.60 r 62.2 (.88 01,60 a4 Li 447 113
AL} 0.4 B 513 1748 0.30 I 490 1o 0.60 447 128 4947 126
Al4 0% 0 415 AL 0.20 I ns L1 0.60 40.85 12 4085 e
AlS 0.4 k] %1 path] 010 1 20 L. 060 an 065" nw. 0.9
Mean 119 114
Standard deviation 0,098 0.1
{5) | RB-2 | 15757 000n. | 045 5o M2 M3 150 1 183 L0 0.8 14291 05 1429 [15]
RB-3 045 5160 1m0 1624 LR 1 (1K) 15 0.8 1419 1.4 419 124
RB4 0.45 5590 1885 4 047 1 184 1M 0.54 14136 (&} 1433 1n
RB-3 0.45 5390 1421 511 ] i 1327 L 054 1413 5] 1961 m
RB-6 045 470 Bl 0.6 0.z I 5.0 L2 0.54 14182 (A BRAS 0.9
Mean 113 110
Standard deviaon 0,167 0162
4 | CB2 7,09, dia 0.45 530 e {[Ch) 1H 12 iy Lo 050 266,86 09 R |0R2
B3 0.45 6120 w59 Mol 108 12 9.7 Lib 0.50 0.4 (0] M 0w
B4 045 4500 X621 5 047 1 1873 L 0.50 pi R o o161 094
CB-§ .45 H50 im? NS4 04 1 ([¥8.] 120 01,50 20547 065" 15347 112
CB-6 045 4800 Wh 5300 012 | mi (K 0.5 MW 0.38* 104,62 0.95
Mean 050 0.9%
Standard deviation Lo 0,080
OveraliMean 111 1.08
Overall5td. devn 0161 0126
* Excluded from the mean and standard devianon calculatons.
Lin, = 25 dmm
| psi = 0.0069 MPa
Lin=kip = 013 KN-m
1.6 J > L] ¥ T T
s a
12 8 ;
E Texp / Tineo =1 °
-
(53 we &
~N 08 il
Ll o<
Mansur (2) a]
Mansur and Parama /}) ©
Hasnat and Akhtar (") a
0 dQBO . .
Qs " 10 12
’ T/M Ratlo

FiG. 9. Effect of T/M ratio on T,, /T, for beams tested under torsion and bending.



112 Ali A. Akhtaruzzaman

The values of the coefficient k and the index a as well as the limiting T/M rat os ()
for the three sets of experimental data, as obtained from Fig. 9, are presented in
Table 7. It shows that all of these depend on dy/k and also on the shape of the open-

ing.

TABLE 7. Values of k, @ and T/M limits.

Ratio Limiting
Fordata .
from ref Opening shape d, k a value of
h TIM
7 rectangular 0.40 0.20 0.60 0.20
[5} rectangular 0.45 0.25 0.65 0.25
[4] circular 0.45 0.65 0.55 0.65

Following Eq. 38, the torsional strength at low 7/M ratios can be obtained as
(/k T/m)~ T,,, where T, is given by Egs. 35, 15 and 19. The last two columns of
Table 6 compare the experimental results with the modified theoretical values Tt'heo.
As can be seen, Texp/ T:heo has an overall mean of 1.08 and a standard deviation of
0.126 to indicate a good agreement between the theoretical and the experimental re-

sults.

Data on beams tested under torsion, bending and shear are rather scarce. Two sets
of published data are compared with theoretical strengths in Table 8. One set com-
prises data on rectangular beams with a small rectangular opening!”! and the second
set consists of data on rectangular beams of solid section['?l. The theoretical torsional
strengths of the former have been computed by Eq. 37 and for the latter by Eq. 26.
The results are presented in Table 8. It shows that for the beams with a rectangular
opening, the torsional strengths are significantly underestimated, especially in the
lower ranges of T/M ratios. For these beams, T, /T, has a mean value of 1.39 and
a standard deviation of 0.164. Table 8, however, shows that for the beams with solid
cross-section, the theoretical values, with the exception of Beams 7-3 and 7-4, are in
good agreement with the experimental results. With these two data excluded, T,/
T,., has a mean value of 0.95 and a standard deviation of 0.126 which compare well
with the researchers’'2] values of 0.92 and 0.080, respectively.

The T,,,/T,,, versus T/M ratio plots for the beams are presented in Fig. 10. It
shows that at low T/M ratios, i.e., T/M <1.0,the T, _/T,, versus T/M ratio plot for

exp'
the beams with a rectangular opening can be represented by

(39)

where T, is given by Eq. 37.
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TaBLE 8. Comparison with other researchers’l”-12] data of torsion, bending and shear tests on beams with
and without a transverse opening.

Cylinder | Experimental | Expenmental | Shear Ravo | Ratio m':: Theoretscal Maitid
is2 Ratio | compressive | tormonal bending foree | paso T M| Observed g | Rase torsionsl | Ratio Ratxa
- Beam Openimg d, strength momenl moment v i_! v—" "J Sadute Ty strength { < T
S (N INCRE R T e ot Bl e o el 4 O 4 Bl
in. iy fim. ki i fim. fi
ips) {n.-kap) kip) {kip) ) | (i) (mkip) in.-kip) k)
{7 | Bt | Txdm | 04 W25 89 2.0 14 |24 | B9 | s 2 W 1 T ne (k)
Bl ] “n un 3 {100 | (35| 1358 2 “ua 0% B (1] B 116
B1-3 et Ha un 55 | 060 &1 | 1S 1 B (R} 0 166 B (&}
Bl ) £ 1) mm 648 |04 55| ns 1 EEH L) uW 14 na 0%
Bl§ 3568 % 188 46 1384 ] 0,085 19| % 1 178 1 o8 60" 1601 Lz
B2 0 an 1987 0n j24 | M7 | B t S8 0% »a 1% wa 1%
B2 0 ®7 “n Imjiw | M| NB ? “wn ot B | Qs L0
B3 um L 4 L ¥ 5 |08 | 121 | w9 1 554 i} B | X 4550 1o
B24 m i Wt | s jox | s | an 12 w8 | 1M | o2n s | un |ow
B2S 112 B e | o ous | 3w | e | 1 ns fm | pwm fie | as Jow
Mean 1 LR L3
Sed. dev 0066 0164 01
N2 | &1 | oxtia | 00 5T 130 5 0% |19 | e8| e |73 L] [5-] 150,69 088
5 [ip] 141 13 19 |09 | e | 7535 3 i (] 1905 035
£ 080 130 m g |oar | B8 | na | [0 om | s | om
54 Sa0 L] kL 551 |08 1797 | 1.8 1 " Lo mn on
&1 60 b A 18 1% | TLIT| MW 3 10 0% M2 o&
&1 “n 145 [t 47 |osr | 36| B0 1 1 0% wa (1]
(5] M0 (k1] b 18 J0% 1721 | W42 I 157 (0] [T ] (1]
64 b2 o a 1245 Joxs | 49| M¥% I 104 Lm 1 | ow
T 0 n % 1% |20 | 9| ¥W 3 108 1m Isse | o1oe
12 510 {[}] [} 13 1 | M| MM 3 [Fa as L2 (RH)
73 5700 132 ms an |o@ | W3 | Nw n 154 0% Lh T R
4 5340 r-] o8 W 0B 835 | B 12 [} (L.} R 1w
Mean 08 0%
Sid. dev. [l 012
* excluded from the mean and standard deviatson calculations
Lin. = in.255mm
1 pai = 0.006% MPa
10 —kip = 0113 kN-m
23 T T T T L T
1 o
“ -0.3
2f N Tew ==15[l] v
A theo M Mf A
\\ Series Bl o 136w (Hasnat and
20F AN B2 o 272in Akhar) .
SN Group 5 e 761in, (McMullen and
SN 6 = 350in.  Warwaruk)
¢ sl [ T = 7 & 345in, .
£ 1 RS
=
S~
a
=
o o ki
073 2 1
04t .
0 L i i L H i
0 02 04 086 08 0 12 14
T/M Ratio

FiG 10. Effect of T/M ratio on T, /T, , for beams tested under torsion, bending and shear (lin. =

25.4mm).
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Following Eq. 39, the torsional strength at low T/M ratios can be obtained as
1.15 ¢~°3 T,,,. In the last two columns of Table 8, the experimental results are com-
pared with the theoretical strengths given by Eq. 37 as well as by Eq. 39 for low T/M
ratios. Except for one result of Beam B2-5, the results are in good agreement with
the theoretical values. With the said data excluded, T,, /T, has amean of 1.13 and
a standard deviation of 0.129.

Figure 10 indicates that at low T/M ratios, a relationship similar to Eq. 39 exists for
the Group 7 beams of solid cross-section. The plots for Groups 5 and 6 beams, how-
ever, have an opposite curvature. This is possibly because the beams of Group 7 had
asmaller A JA; ratio (= 0.14) compared to the beams of Groups 5 and 6 (= 0.25) and
were thus more susceptible to Mode 3 failure. Further research, however, is required
in this direction for a definitive conclusion.

Conclusion

The ACI code torsion equations for beams of solid cross-section have been mod-
ified to predict the torsional strength of rectangular beams with a transverse opening.
The equations are also adapted for use at 7/M ratios by taking into consideration the
effect of torsion-bending interaction. The torsional strengths predicted by the mod-
ified equations are compared with available test results of beams with a circular as
well as with a rectangular transverse opening. Excellent correlation is observed bet-
ween the predicted values and the experimental results of the beams tested under
various combinations of torsion, bending and shear at all ranges of 7/M ratios. This
confirms the validity of the modifications.
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Notation

area of an inclined bar around an opening, in?.

area of bottom and top longitudinal steel, respectively, in2.
area of one leg of a vertical stirrup, in?.

area of two legs of a vertical stirrup, in?,

beam width, in.

width of arectangular opening in the beam web, in.
factor relating shear and torsional stress properties, in!.
effective depth of beam section, in.

= depthof arectangular opening; diameter of a circular
opening, in.

compressive strength of concrete, psi.
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modulus of rupture of concrete, psi.

stress in stirrup due to shear force in the solid section and the
hole section, respectively, psi.

yield strength of stirrup steel, psi.

overall depth of beam section, in.

coefficient.

bending moment, in.—kip.

number of stirrups intersected by an inclined failure plane
through the solid section and the hole section, respectively.
number of inclined bars around an opening, intersected by an
inclined failure plane.

spacing of stirrups, in.

torsional moment, in.—kip.

nominal torsional strength contributed by concrete at solid
section and holé section, respectively, in.—kip.

nominal torsional strength provided by inclined bars around a
circular opening, in.—kip.

nominal torsional strength of a beam of solid section and
containing an opening, respectively, in.—kip.

nominal torsional strength of a plain concrete beam of solid
section and containing an opening, respectively, in.—kip.
nominal torsional strength provided by torsional reinforcement
in abeam of solid section and containing an opening, in.—kip.
factored torsional moment at a section, in.—kip.

nominal shear strength provided by concrete at solid section
and hole section of a beam, respectively, kip.

nominal shear strength of a beam of solid section and
containing an opening, respectively, kip.

nominal shear strength provided by shear reinforcement at
solid section and hole section, respectively, kip.

factored shear force at section, kip.

shorter and longer center-to-center dimensions of stirrups,
respectively, in.

index of equation.

coefficient as a function of y,/x;.

inclination of failure plane with vertical on tension side, degree.
inclination of inclined bars around an opening, degree.
strength reduction factor.

ratio T/M.

factor.
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